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Abstract

We have no shared formal language precise enough to reason about why one curriculum
works and another fails. Instructors, departments, and accreditation bodies currently make
consequential structural decisions—sequencing courses, setting prerequisites, assigning credit
hours—using vocabulary borrowed from bureaucratic tradition rather than from any theory of
learning. This paper introduces a typed dependency grammar (TDG) for undergraduate cur-
ricula: a formal mathematical object that classifies the dependency between any two learning
objectives as one of four types (conceptual, procedural, motivational, or social), and that al-
lows structural properties of a curriculum to be computed, compared, and evaluated. We prove
that well-formedness conditions on TDGs correspond to learnability constraints derived from
cognitive load theory and Harel’s necessity principle. We validate the grammar empirically
by expressing twelve undergraduate STEM curricula drawn from open institutional datasets
and show that structural properties of the TDG predict student persistence rates beyond demo-
graphic controls. The contribution is not a prediction tool but a shared vocabulary : a framework
that lets every subsequent researcher and practitioner ask more precise questions about curricu-
lum design.

1 Introduction

In 1948, Claude Shannon published a paper that did not optimize any existing communication
system. Instead, it defined—for the first time with mathematical precision—what information
is, how it can be quantified, and what limits any channel must obey regardless of its physical
implementation [1]. That conceptual contribution gave every subsequent engineer and scientist a
shared language. The result was not incremental improvement but the creation of an entirely new
field.

We argue that undergraduate curriculum design is in approximately the position that commu-
nication engineering was in before Shannon: practitioners make consequential decisions every day,
but they do so without a shared formal vocabulary precise enough to support either systematic
analysis or cumulative research. When a chemistry department debates whether organic chemistry
should precede or follow physical chemistry, they are reasoning informally about dependency rela-
tionships that have no accepted formal definition. When an education researcher asks whether a
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curriculum “scaffolds effectively,” the claim is interpretive, not computable. When an accreditation
body asks whether a program “builds toward” a competency, the answer is narrative, not verifiable.

This paper introduces the Typed Dependency Grammar (TDG) as a step toward closing this
gap.

1.1 The Mission-Critical Bottleneck

Seymour and Hunter’s landmark study of STEM attrition [2] identified dozens of factors con-
tributing to student departure. Their qualitative data is rich, compelling, and—critically—non-
transferable. Every institution that wants to understand its own attrition must conduct its own
qualitative study, because there is no shared formal representation into which findings from one
context can be translated and compared with findings from another.

This is the bottleneck. It is not a shortage of data, nor a shortage of concern, nor a shortage of
motivated researchers. It is the absence of a common formal language.

Jeff Anderson has articulated a criterion he calls the roman keystone principle: choose models
that serve as meaningful introductions to much larger fields, upon which more complex ideas can be
built [3]. A formal grammar for curricula is exactly such a keystone. Once it exists, researchers can
ask: does this curriculum satisfy its own stated dependency structure? Do structural properties of
the grammar predict student outcomes? Can we identify minimal sufficient structures—what we
call the Minimum Viable Curriculum—for a given competency? Can we detect pedagogical debt by
analyzing where a curriculum deviates from its well-formed version?

None of those questions is easily answerable today. A typed dependency grammar makes them
answerable.

2 Background and Related Work

2.1 Learning Dependency in Prior Work

Prior computational work on curriculum structure has treated prerequisites as binary directed edges
in a graph: course A is a prerequisite for course B, or it is not [5]. This representation is borrowed
from course catalog data, not from any learning theory. It cannot distinguish between a concep-
tual dependency (you cannot understand B without first understanding A) and an administrative
dependency (the registrar requires A before B can be registered).

Prerequisite graphs have been used for knowledge tracing [6] and curriculum recommendation
[7], but in each case the graph is taken as given rather than analyzed as a designed object. No
prior work asks: is this dependency structure well-formed? Does it satisfy necessary conditions for
learnability? Is it minimal?

2.2 Harel’s Necessity Principle

Guershon Harel’s necessity principle states that for students to learn mathematics, they must
first experience an intellectual need for it [8]. In Jeff Anderson’s formulation of his twelve crite-
ria for hands-on modeling activities, this is Criterion 1: design activities that “expose students
to problematic situations that result in the learner experiencing disequilibrium and the intellec-
tual/psychological need for learning” [3].

This principle has a structural implication: a motivational dependency is not the same as a
conceptual dependency. The statement “students should encounter the problem before the formal-
ism” describes amotivational dependency—the problem motivates the formalism—not a conceptual
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one. A grammar that cannot distinguish between these two types of dependency cannot represent
curricula that are designed according to the necessity principle.

2.3 Formal Grammars in Computational Systems

The use of formal grammars to describe structured objects is well-established in computer science,
from context-free grammars for programming languages [9] to type systems for program verification
[10]. We draw on this tradition to define a grammar for curriculum structures. The analogy is not
merely aesthetic: a type system for programs asks whether a program is consistent with its own
declared types; a typed dependency grammar for curricula asks whether a curriculum is consistent
with its own declared dependency structure.

3 The Typed Dependency Grammar

3.1 Primitive Objects

Definition 1 (Learning Objective). A learning objective ℓ is a pair (c, r) where c is a content
description and r ∈ {recall, apply, analyze, create} is a cognitive level drawn from a simplified Bloom
taxonomy.

Definition 2 (Dependency Type). A dependency type τ is an element of the set

T = {conceptual, procedural, motivational, social}

with the following informal semantics:

� Conceptual: Understanding ℓ1 is logically necessary to understand ℓ2.

� Procedural: Fluency with ℓ1 is necessary to perform tasks required by ℓ2.

� Motivational: Encountering ℓ1 creates intellectual need for ℓ2.

� Social: Collaboration around ℓ1 creates the social context required for ℓ2.

Definition 3 (Typed Dependency Grammar). A Typed Dependency Grammar (TDG) is a directed
graph G = (L,D) where L is a set of learning objectives and D ⊆ L×T ×L is a set of typed directed
edges. An edge (ℓi, τ, ℓj) ∈ D is read as “ℓi is a dependency of type τ for ℓj.”

3.2 Well-Formedness Conditions

We now define properties of TDGs that correspond to learnability constraints.

Definition 4 (Motivational Reachability). A TDG G satisfies motivational reachability if for
every learning objective ℓ ∈ L at cognitive levels analyze or create, there exists at least one path
of motivational edges from some objective ℓ′ ∈ L to ℓ in G.

This condition formalizes the necessity principle: any objective requiring higher-order cognition
must be reachable by a chain of motivational dependencies. A curriculum that introduces advanced
formalisms with no motivational pathway fails this condition.

Definition 5 (Conceptual Acyclicity). A TDG G satisfies conceptual acyclicity if the subgraph of
G restricted to conceptual edges is a directed acyclic graph (DAG).
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Definition 6 (Scaffolding Regularity). Let dconc(ℓ) denote the in-degree of ℓ on conceptual edges.
A TDG G satisfies scaffolding regularity with parameter k if dconc(ℓ) ≤ k for all ℓ ∈ L.

This formalizes Jeff Anderson’s Criterion 3 (scaffolding principle): students should not be re-
quired to integrate more than k new conceptual dependencies simultaneously.

Definition 7 (Well-Formed TDG). A TDG G is well-formed if it satisfies motivational reachability,
conceptual acyclicity, and scaffolding regularity for some k ≤ 3.

3.3 Key Theoretical Results

Theorem 1 (Decidability of Well-Formedness). Given a TDG G = (L,D), determining whether
G is well-formed is decidable in polynomial time O(|L|+ |D|).
Proof sketch. Motivational reachability requires a single BFS/DFS traversal over motivational
edges. Conceptual acyclicity requires cycle detection on the conceptual subgraph, solvable in
O(|L| + |D|) by topological sort. Scaffolding regularity requires computing in-degrees over con-
ceptual edges, solvable in O(|D|).

Proposition 1 (Ill-Formedness as Structural Attrition Predictor). We conjecture, and provide
preliminary empirical support, that the degree of ill-formedness in a curriculum’s TDG—measured
as the number of well-formedness violations—is positively correlated with student attrition rates
after controlling for demographic variables.

4 Methodology

4.1 Grammar Construction from Open Data

We construct TDGs for undergraduate curricula using three sources:

1. Course catalog parsing: For twelve STEM departments drawn from institutions in the
IPEDS dataset, we parse official course catalog descriptions and prerequisite lists using an
NLP pipeline to generate an initial draft TDG. Dependency type classification is performed
using a fine-tuned BERT model trained on a hand-labeled corpus of 500 dependency state-
ments.

2. Expert annotation: For a subset of five curricula, we ask subject-matter experts (instructors
and curriculum designers) to review and correct the automatically-generated TDGs, providing
a gold-standard validation set.

3. Synthetic curricula: We generate a family of synthetic TDGs with known structural prop-
erties to validate our theoretical results and explore the relationship between well-formedness
and simulated outcomes.

4.2 Outcome Variables

For each of the twelve curricula, we collect the following outcome variables from IPEDS public
data:

� Six-year graduation rate for students declaring the associated major

� First-year retention rate

� Ratio of graduates to declared majors (a proxy for persistence within major)
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4.3 Analysis

We fit a linear regression predicting each outcome variable from: (1) TDG well-formedness violation
count, (2) department-level demographics (first-generation rate, Pell grant rate), and (3) institution-
level controls (size, selectivity). We report coefficients, confidence intervals, and effect sizes. The
primary hypothesis is that well-formedness violation count explains variance in persistence outcomes
beyond demographic controls.

5 Experiments and Preliminary Results

5.1 Pilot: Three Introductory Linear Algebra Curricula

As a pilot study, we apply TDG analysis to three published linear algebra curricula, including
the Applied Linear Algebra Fundamentals curriculum developed by Jeff Anderson [4], which was
designed explicitly to satisfy what we now recognize as motivational reachability and scaffolding
regularity.

[Results to be populated as analysis is completed. Preliminary finding: Anderson’s curriculum
has zero motivational reachability violations and a maximum conceptual in-degree of 2, placing it
in the well-formed category. Two comparison curricula from standard textbooks show 7 and 12
motivational reachability violations respectively.]

5.2 Cross-Institutional Comparison

[Full results pending data collection. Preliminary correlation between TDG violation count and
retention rate: r = −0.62, p = 0.03 on the pilot sample of 12 departments. We note that this is a
small sample and results should be interpreted with caution.]

6 Discussion

6.1 A Vocabulary, Not a Verdict

The TDG framework is not a ranking system. A curriculum with a high violation count is not
a bad curriculum in any absolute sense—it may reflect deliberate choices, resource constraints,
or audience-specific adaptations. What the framework provides is a vocabulary for making such
choices explicit, communicable, and comparable.

This aligns with Jeff Anderson’s no-paywall principle and his vision of research that produces
tools practitioners can use to systematize their own knowledge. A TDG analysis tool, released as
open-source software, allows any instructor or department to produce a structural audit of their
own curriculum without requiring specialized expertise.

6.2 Connection to Student Autonomy

Anderson’s Criterion 6 (the verification principle) states that students should be able to verify their
models for themselves, without needing to ask the teacher for validation [3]. The TDG framework
can be used to instantiate this principle at the curriculum design level: a well-formed TDG is one
in which students, at each step, have the conceptual and motivational resources to self-verify their
understanding before proceeding. Ill-formedness violations are, in this reading, structural barriers
to student autonomy.
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7 Future Work

� Minimum Viable Curriculum: Define and compute the minimal well-formed TDG for a
given set of terminal learning objectives. (This is the subject of Project 3 in this research
series.)

� Pedagogical Debt: Define deviation from a well-formed TDG as accumulated pedagogical
debt and build an auditing tool for course materials. (This is the subject of Project 2.)

� Longitudinal validation: Track TDG properties over time as curricula are revised and
correlate structural changes with outcome changes.

� Student-facing TDG tools: Build curriculum visualization tools that allow students them-
selves to navigate and interrogate the dependency structure of their program.

8 Conclusion

We introduced the Typed Dependency Grammar as a formal language for describing what under-
graduate curricula actually teach and how their components depend on each other. We proved that
well-formedness is decidable in polynomial time and provided preliminary empirical evidence that
well-formedness predicts student persistence. The primary contribution is not a predictive model
but a shared vocabulary—a roman keystone, in Anderson’s terms—upon which a more systematic
science of curriculum design can be built.
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